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Proof of Lemma 1. Factor prices in the �nal goods sector equal marginal produc-

tivities; thus, wH = �Y=HY and wL = (1 � � � �)Y=LY . Using (7), we �nd that the

relative input of the two types of labor in the domestic economy is independent of the

level of migration:
HY

LY
=

�(1� e)

1� �� �
: (28)

From the inverse demand function of any intermediate good �rm j, optimal price p(j) =

r=� and the production function in the �nal goods sector (3) we �nd

xt�1(j) =

�
�2

(1 + r)r

� 1
1��
�
HY;t

Lt;Y

� �
1��

AtLY;t � �xt�1: (29)

The production function for the capital good, (4), implies that (Xt)
� = nt�1 (�xt�1)

�

Substituting this into (3) and using both (28) and (29) leads to

Yt = nt�1

�
�2

(1 + r)r

� �
1��
�
�(1� e)

1� �� �

� �
1��

AtLY;t: (30)

Substituting (30) into wL = (1����)Y=L and combining the resulting expression with

wH =
wL
1�e from (7) con�rms (14).

Expression (16) follows from substituting (14) into (13) and using wnetH = (1� �)wH .

To con�rm (15), �rst, insert H = 1� L in (12) and use both (28) and (11) to �nd

LY = L =
1� �� �

1� �

�
1�m� nf

1� e

�
: (31)

Next, we employ the zero-pro�t condition for intermediate good �rms, �t�1(j) = 0, or

(pt�1(j)� r)xt�1(j) =
wH;tf

1+r
, according to (10). Substituting into the latter equation

pt�1(j) = r=�, the expression for xt�1(j) in (29) and the expression for wH;t in (14), as
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well as using (28) and (31) leads to

�(1� e)

�
1�mt �

ntf

1� e

�
= nt�1f: (32)

Substituting (16) into (32) and solving for nt we obtain (15). From (15), it it is straight-

forward to derive the claimed properties of function Z(n). �

Proof of Proposition 1. According to Lemma 1, function Z starts at zero and

initially has a slope above unity which eventually turns negative. Because we know that,

in addition, Z 00 < 0 holds under (A1), there is a single non-zero value n� which ful�lls

Z(n�) = n�. This con�rms part (i). To con�rm part (ii), note from the de�nition of Z

in (15) that the value of Z decreases for each n > 0 if mobility costs decline and employ

Fig. 1. Part (iii) can immediately be inferred from Fig. 1. �

Proof of Proposition 2. First, note from the de�nition of G1 that it is given by

wG(G1; n1) = 0 (recall wGG < 0). Recalling n1 < n0 and wGn > 0 con�rms (24).

In steady state, the �rst-order condition to the maximization of W (G;�) reads

[WG(G;�) =]wG(G; n̂(G;�)) + wn(G; n̂(G;�))n̂G(G;�) = 0; (33)

according to (22). Applying the implicit function theorem to (21), we obtain:

n̂G(G;�) =
�G(G; n̂; �)

1� �n(G; n̂; �)
: (34)

Note that the denominator is positive in a stable steady state equilibrium (�n(G; n̂; �) <

1). Moreover, from (20) we �nd

�G(G; n̂; �) = �
1� e

f
�q0 (w(G; n̂))wG(G; n̂): (35)

Substituting (34) into (33) and using (35), we can rewrite the �rst-order condition to

wG(G; n̂)

�
1� 1� e

f
�q0 (w(G; n̂))

wn(G; n̂)

1� �n(G; n̂; �)

�
= 0: (36)
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De�ne G�(�) � argmaxG W (G;�) as the optimal log-run public investment level. Sup-

pose that G� is given by �rst-order condition (33). (It will become apparent that the

second-order condition indeed holds.) As the term in squared brackets in (36) is positive,

we �nd that G� is given by

wG(G
�; n̂(G�; �)) = 0: (37)

Thus, we also have n̂G(G�; �) = 0, according to (34) and (35).

We next show that the second-order condition holds, i.e., WGG(G
�; �) < 0. To see

this, note that n̂G(G�; �) = 0 implies that WG(G
�; �) = wG(G

�; n̂(G�; �)) when G� is

given by �rst-order condition (33). Hence,

WGG(G
�; �) = (wGG + wGnn̂G)jG=G� : (38)

Using again n̂G(G�; �) = 0, we thus have WGG(G
�; �) = (wGG)jG=G�. Recalling that

wGG < 0 con�rms that the second-order condition holds.

Moreover, we have

WG�(G
�; �) = (wGnn̂�)jG=G� : (39)

Thus,
dG�(�)

d�
= �WG�(G

�; �)

WGG(G�; �)
=

�
�wGnn̂�

wGG

�����
G=G�

: (40)

Since wGG < 0, wGn > 0 and n̂� < 0, we �nd that G� is decreasing with �, which

con�rms (25) and concludes the proof of part (i).

To prove part (ii), recall �rst that wn > 0. Since public investment is chosen optimally

before and after the change in the degree of labor market integration (wG(G1; n1) =

wG(G0; n0) = 0) and n1 < n0, we have w(G1; n1) < w(G0; n0) for the net wage rate. For

the level of emigration, according to (19) and property q0 < 0, this implies

m1 = �1q(w(G1; n1)) > �0q(w(G0; n0)) = m0: (41)

This con�rms the result for the subsequent period after labor market integration.

Now write G�(�) as the function which is implicitly de�ned by n̂G(G�; �) = 0 and
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de�ne W �(�) � W (G�(�); �). W �(�) is the steady state value of the net wage rate wnetH

when G is chosen optimally. We �nd that

dW �

d�
= WG(G

�; �)
dG�

d�
+W�(G

�; �). (42)

Note that WG(G
�; �) = 0 and W�(G

�; �) = wnn̂�jG=G� < 0, where the latter is implied

from using de�nition (22) together with n̂G(G�; �) = 0. Thus, dW �=d� < 0. Moreover,

note that the steady state number of migrants is given by

m�(�) � �q(W �(�)); (43)

under the optimal choice of G. Using q0 < 0 then implies that m� is increasing in �.

This concludes the proof. �

Proof of Corollary 1. Using (34) and (35) together with wG(G�; n̂) = n̂G(G
�; �) =

0, it is easy to con�rm that n̂GG(G�; �) < 0, by utilizing property wGG < 0. This shows

that G�, which is given by (37), maximizes n̂(G;�). �

Proof of Proposition 3. Analogously to (20), by using (26), the di¤erence equation

for the evolution of n can be written as

nt =
1� e

f
[1� �q( ~w(Gt; Bt; nt�1))]�

nt�1
�

� ~�(Gt; Bt; nt�1; �): (44)

For a given �scal policy, (G;B), the steady state number of �rms, n�, is implicitly de�ned

by n� = ~�(G;B; n�; �), where stability requires that ~�n(G;B; n�; �) < 1. n� is a function

of (G;B; �) which is denoted by ~n(G;B; �). Substituting m = �q(wnetH ) and (26) into

(27), long run welfare can be written as

W (G;B; �) � v((1� e) ~w(G;B; ~n(G;B; �)))� �(�q( ~w(G;B; ~n(G;B; �))))� (B): (45)
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Since the economy is initially in a stable steady state, initially, �scal policy is given by

(G�0; B
�
0) � arg max

(G;B)
W (G;B; �0): (46)

Thus, the initial number of �rms is n0 = ~n(G�0; B
�
0 ; �0) =

~�(G�0; B
�
0 ; n0; �0). Moreover, if

labor market integration shifts from �0 to �1 > �0, we have n1 = ~�(G
�
0; B

�
0 ; n0; �1) < n0,

according to (44). Also de�ne

�W (G;B; n) � v((1� e) ~w(G;B; n))� �(�q( ~w(G;B; n)))�  (B) (47)

and

(G1; B1) � arg max
(G;B)

�W (G;B; n1): (48)

First-order conditions to the maximization problem in (48) are:

�WG = [v0((1� e) ~w)(1� e)� �0(�q( ~w))�q0( ~w)] ~wG = 0; (49)

�WB = [v0((1� e) ~w)(1� e)� �0(�q( ~w))�q0( ~w)] ~wB �  0(B) = 0: (50)

Since the term in squared brackets in (49) and (50) is positive (recall v0 > 0, �0 >

0, q0 < 0), we have ~wG(G1; B1; n) = 0. Together with ~wGB = 0, we thus �nd that

�WGB(G1; B1; n1) = 0. Moreover, �WGG(G1; B1; n1) < 0 and �WGn(G1; B1; n1) > 0 since

~wGG < 0 and ~wGn > 0, respectively. Thus, G1 is decreasing in n1. Since n1 < n0, it

follows that G1 < G�0. Moreover, we have

�WBB =
�
(1� e)2v00 � �00(�)�2q0 � �0�q00

�
( ~wB)

2 �  00 < 0; (51)

�WBn =
�
(1� e)2v00 � �00(�)�2q0 � �0�q00

�
~wn ~wB < 0 (52)

(recall ~wBB = 0, v00 < 0, �00 � 0, q00 > 0,  00 � 0). Thus, B1 is decreasing in n1. Since

n1 < n0, it follows that B1 > B�
0 .

It remains to be shown that long run e¤ects are ambiguous. The �rst-order conditions

to the problem of maximizing long run welfare (45)),W (G;B; �), with respect to (G;B),
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are:

WG = [v0((1� e) ~w)(1� e)� �0(�q( ~w))�q0( ~w)] ( ~wG + ~wn~nG) = 0; (53)

WB = [v0((1� e) ~w)(1� e)� �0(�q( ~w))�q0( ~w)] ( ~wB + ~wn~nB)�  0(B) = 0: (54)

According to (44), we have

~nG = �
1�e
f
�q0( ~w) ~wG

1� ~�n
and ~nB = �

1�e
f
�q0( ~w) ~wB

1� ~�n
> 0: (55)

The latter inequality follows from ~�n < 1 (which holds in stable steady state), q0 < 0

and ~wB > 0. Using (55) in (53) and (54), we can write

WG = 
� ~wG = 0; (56)

WB = 
� ~wB �  0(B) = 0; (57)

where


 � [v0((1� e) ~w)(1� e)� �0(�q( ~w))�q0( ~w)]jn=n� ; (58)

� �
 
1�

1�e
f
�q0( ~w)

1� ~�n

!�����
n=n�

: (59)

Note that 
 > 0 and � > 0. Thus, at the optimal long run levels (G�; B�), it holds that

~wG = ~nG = 0. This implies

WGGj(G�;B�) = 
� ~wGG < 0; (60)

WGBj(G�;B�) = 
�( ~wGB + ~wGn~nB) > 0; (61)

where the inequality in (60) follows from ~wGG < 0 and the one in (61) from ~wGB = 0,

~wGn > 0, ~nB > 0. Moreover,

WG�j(G�;B�) = 
� ~wGn~n� < 0; (62)
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where the inequality follows from ~wGn > 0 and

~n� = �
1�e
f
q( ~w)

1� ~�n
< 0: (63)

Next, note that

@


@B
=

�
(1� e)2v00 � �00�2q0(�)2 � �0�q00(�)

�
( ~wB + ~wn~nB); (64)

@


@�
= (1� e)2v00 ~wn~n� � �00�q0 [q + �q0 ~wn~n�]� �0 [q0 + �q00 ~wn~n�] ; (65)

@�

@B
= �1� e

f
�
q00( ~wB + ~wn~nB)(1� ~�n) + q0(~�nB + ~�nn~nB)�

1� ~�n
�2 ; (66)

@�

@�
= �1� e

f

[q0 + �q00 ~wn~n�] (1� ~�n) + �q0(~�n� + ~�nn~n�)�
1� ~�n

�2 : (67)

From v00 < 0, �00 � 0, q0 < 0, �0 � 0, q00 > 0, ~wB > 0, ~wn > 0, ~nB > 0, ~n� < 0, we �nd

that @
=@B < 0 and @
=@� > 0. Moreover, using the de�nition of ~� in (44), we have

~�n = �
1� e

f
�q0( ~w) ~wn �

1 + r

�
:

Thus, recalling ~wB > 0, ~wn > 0, ~wnn = 0, ~nB > 0, ~n� < 0, q0 < 0, q00 > 0, we �nd

~�nB = �1� e

f
�q00( ~wB + ~wn~nB) < 0; (68)

~�nn = �1� e

f
�
�
q00 ( ~wn)

2 + q0 ~wnn
�
< 0; (69)

~�n� = �1� e

f
q0 ~wn > 0: (70)

Thus, @�=@B < 0 and @�=@� > 0. Recalling ~wBB = ~wBn = 0 and  
00 � 0, we then have

WBB =
@


@B
� ~wB + 


@�

@B
~wB + 
�( ~wBB + ~wBn~nB)�  00(B) < 0; (71)

WB� =
@


@�
� ~wB + 


@�

@�
~wB + 
� ~wBn~n� > 0: (72)

Note that concavity ofW as a function of (G;B) requires thatWGGWBB�(WGB)
2 >
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0. According to Cramer�s rule, we then have

sgn

�
dG�

d�

�
= sgn (�WG�WBB +WBGWB�)j(G�;B�) ; (73)

sgn

�
dB�

d�

�
= sgn (�WGGWB� +WGBWG�)j(G�;B�) : (74)

Thus, using the previous results on the signs of the second derivatives on the right hand

sides of (73) and (74) con�rms that long run e¤ects of labor market integration on �scal

variables are ambiguous. This con�rms part (i).

To prove part (ii), �rst note that analogously to the proof of part (ii) of Proposition

2, n1 < n0 implies that wnetH declines and m increases in the period subsequent to

labor market integration. To show the result for the steady state, de�ne W �(�) �

W (G�(�); B�(�); �). We �nd that

dW �

d�
= WG(G

�; B�; �)
dG�

d�
+WB(G

�; B�; �)
dB�

d�
+W�(G

�; B�; �), (75)

where WG = WB = 0 at (G�; B�) and, according to (45),

W� = (1� e)v0 ~wn~n� � �0 [q + �q0 ~wn~n�] < 0: (76)

Thus, dW �=d� < 0. Analogously to the proof of Proposition 2, together with (43) for

the steady state level of migration, this concludes the proof. �
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